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Abstract

Multifolding is a new practical heuristic method for mapping parallel algorithms onto
array processor architectures. It considers symmetries present in the regular mesh
structure of array processors and design restrictions. The method starts from a
straightforward iinplemcntatinn that maps processes onto an array of an unboundcd
number of processing units. From this, Multifolding attempts to contigure more ¢fli-
cient implementations with the same exccution time and fewer processing units.
Finally, configurations are iteratively derived while the method trades oft number. of
processing units vs execution time in order to meet design constraints. We develop
some examples to show the practical use of Multifolding. .

a

1 Introduction

Traditionally, parallel wavefront algorithms have been implemented on array processor
architectures with a redundant number of processing units [1, 2, 3.4, 5]. Therclore.
methods that reduce this redundancy without substantially degrading the performance
of the implementations are needed.

Problem Statement: Given a wavefront algorithm defined as a sct of parallel proc-
csses subject to a precedence relationship of regular shape, find a less redundant
and time cfficient mapping of the processes onto of an array processor systen.
Implementations with array processor systems are constrained by the maximum
number of communication links and memory size of each processing unit, point-
to-point and local interprocessor communication that conform a topology of
regular shape (for example, an orthogonal grid), and a bounded. array size.

The problem stated above is a spccial case of the scheduling problem [6]. Scheduling a
set of identical processes subject to precedence relations onto a bounded sct of homoge-
neous processors is known to be in the family of the NP-Complete problems [6]. This
problem is more difficult to solve if processes are not identical and further restrictions
must be considered. Since efficient computational methods for these type of problems
are unlikely to exist, heuristic methods arc uscful for practical and specific purposcs.
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Multifolding is a new heuristic and interactive mcthod for mapping parallel algorithms
onto array processor systems. The method takes into consideration symmetrics prescnt
in the original implementation and verifies that the new implementation complics with
predefined design restrictions which include the locality of interprocessor communi-
cation and the regularity of the topology. The inputs of the method are:

e a parallel algorithm,

e the maximum number of component conncctions,
e the memory size of each component,

e the maximum number of processors, and

» the maximum total cxecution time allowed.

The output is an implementation of the parallel algorithm with a less redundaant array
processor system that agrees with the predefined design constraints.

A parallel wavefront algorithm is represented as a directed acyclic graph — the algo-
ritlunic dag — where nodes arc processes and cdges denote precedence relations. Each
node is labeled with its exccution time during a wavefroiit propagation.

Aflter computing the carliest scheduling time of each process regardicss of hardware
restrictions, the parallel algorithm is mapped onto an array processor system — t/ie
hardware undirected graph — which is a regular grid of intcrconnected components that
supcrimposcs the algorithmic dag. Note that these implementations arc commonly
found in practice because of their simple control requirement. Flowever, they have an
excess of processing units and grow supralincarly if the problem size increases.

The aim of the method is to take advantage of the natural correspondence between the
algorithmic dag and the hardware undirected graph, and symmetrics present in the
latter graph. The transtormations preserve the locality of interprocessor communi-
cations and the regularity of the topology without substantially increasing the control
overhead in the new implementation to be obtained. Also, the wavelront propagation
and the locality of the data arc unchanged.

This approach is what we call Folding since, in graphical terms, the rescheduling of the
processes has the cffect of actually folding the array processor configuration along a
symmetric axis. Foldiig becomes Multifolding when the approach is itcratively
applied.

Although the application of Multifolding may- cause the total processing time to
increcase while the number of processors is reducced, there are cases where reduction in
the number of processing clements is achicved without increasing the total processing
time. This is possible since the initial mappings arc onto highly redundant implemen-
tations.

Details of the method are developed in the next Section. Section 3 comments on the
interactive tool that implements the method.
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2 The Multifolding Method

Multifolding has four major steps:

1. Initialization,

2. Reduction of processors without time increasc,
3. Design validation, and

. Reduction of processors with time increase.

=

Figure 1 provides the flow diagram that sketches the Multifolding method. Details of
cach flow diagram block follow.

1. Initialization.

In this step, the algorithmic dag is validated for input and some of its propertics are
computed. This information is used in subscquent steps of the method. This step
consists of threc substeps:

a. Analvsis of the parallel algorithm.

Since the parallel algorithm is a regularly shaped topology of processes, the data
domain is partitioned into independent sub-domains. The computation on these
sub-domains has to be performed in parallel or pipeline mode. Also, sharing
variables is admitted only between neighbor processes and under the policy off
concurrent rcad and cxcluded write.

The parallel algorithm can be represented an acyclic graph

G,=(V,, L)
named the algorithmic dag where nodes are computational processes and cdges
represent time precedence and functional dependence. No transitive edge is

cxpected in any algorithmic dag.

This type of algorithms subject to the constraints given above lead to a
wavefront type data propagation and process triggering. The method assumes
that only wavcefront type algorithms arc input.

Frequently, parallel algorithms do not fullfil the conditions given above. In
those cases, they must be transformed into cquivalent wavefront type algo-
rithms. An cxample with parallel LU decomposition algorithm is illustrated in
Figure 2.

b. Computation of process related information.

=

For cach node in the algorithmic dag, this step computes the level, the depth.
the carliest processing time, and the number of sucessors. All these functions
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Figurc 1. Block diagram of Multifolding
can be performed in polynomial time [1]. The recursive definition of the first
threc functions are given below.
The level [(v) of a node v is dcfined as:

[(v)y = Liffd(r) = 0. and
[(v) = max{/{(w)} + I, othcrwise

where (w,v) € £, and d(v) is the in-degree of the node v, Since no cdge is transi-
tive, edges only connect nodes at subsequent levels and waves propagate from
level to level.
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Figure 2. Transforming the parallel LU decomposition into a wavelront type algorithm

Symmetrically to the level, the depth z(v) of a node v is defined as:

It

z(v) = LillTd(v) = 0, and
z(v) = max{z(w)} + I, otherwisc

where (v,) € E, and d,(v) is the out-degree of the node v,
The carliest processing time t.(v) for cach node v is defined as:

f(v) = Lilfd(v) = 0, and
t(v) = max{t.(w) + t(w)}, otherwisc
where (w) € £, and () is the time requircd by the node w. Note that

t.(v) = l(v) for every ve V, when tv) = 1.

Il

c. Initial mapping.

Any array processor system is a simple undirected graph — the hardware undi-
rected graph

Gh = ( ,/1 ) E/l)
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such that I is the set of processing units and Ej is a set ol full-duplex serial
conncctions between procecssors.

Initially, the hardware graph is superimposed on the algorithmic graph such

that cach processor executes only one process which starts processing at it car-
licst processing time. The execution time of this straightforward implementation.
is the minimum possible since no hardware restriction has been considered and
any processor runs only one process at this time.

For a given scheduling S, each processor k has associated a sct Pg(k) of labels of
the form (p, t, t,, I, z, 5, d) where p denotes the process scheduled to run on
processor k for ¢ units of time starting at time ¢, and, L. z, 5, and ¢ arc the level,
the depth. the number of successors, and the out-degree of the process p respece-
tively. Note that for the initial mapping, these scts ol labels arc unitary.

2. Reduction of processors without time increase.

Multifolding attempts to reduce the number of processing clements without
increasing the total processing time. This-is done in three substeps described below.

a.

b.

Geometry Analysis.

Since the system has a regular topology, its gcometrical characteristics are very
important for the folding steps. Rescheduling of processes is performed with the
help of symmetry axes defined on the hardware undirected graph. Each
processor can be denoted by its position within the grid. Cartesian coordinates
can be placed as convenient. The symmetry analysis can be Tocused along a
subgrid according to a symmetry axis v = ax + b that bisccts the grid. Dif-
ferent symmetry axes on the initial LU decomposition implementation are
shown in Figure 3.

Two processors. v and w are symmetrical whenever

o they are at an equal and opposite distance from the symmetry axis, and
o for cach cdge (v,p) in Ej, there exists an cdge (w,q) in £; such that p and ¢
arc also symmetric processors.

The subgrid is folded into two parts about the symmetry axis, forming the
source subgrid and the destination subgrid. Each source node has a symmetric
destination node, cxcept for those processors that lic along the symmetry axis.

Folding.

Sclect onc symmetry axis. The sclection criterion will be a feature of the tool
that implements the method (see Section 3).

Folding is dcfined as the total function
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Figure 3. Symmetry axes in the initial implementation of the LU decomposition imple-
mentation
I ',/1 - ’/1

such that [/~ (K)e{0. L2}, IT |~k = [, fik) = k. Also. [/ W] = 2 il and
only if & is a destination nodc and |f (k)] = 0 if and only il & is a source node,

Note that the folding process preserves the topology and the locality of inter-
processor communication. An example is provided in Figurc 4.

. Reschedule.

o

Let S and S denote the scheduling before and after the folding of the current
implementation respectively, then

Ps(l) = Ps(k) if |[f~'(k)| = 1, and

Ps(k) = Ps(k) U Ps(f) if ) = k.
All source nodes and their interconnections arc removed from G, as illustrated
in Figure 4.

I

If the symmetry axis is not defined over a row ol processors, new connections
may appcar in the folded version as illustrated in Figure 5. [f that is the case,
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Figure 4. Multifolding of the wavefront LU decomposition algorithm
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3.

the'maximum number of links of each components cannot be exceeded. Clearly.,
the folding step will produce a new hardware graph G.,.

The total execution time of the new scheduling $” must be cqual to that of the
previous scheduling S and each process starts executing at its carlicst processing
time. This folding substep is repeated while the previous condition on exccution
time holds. '

Design validation.

If the number of processors, the time performance, and the nuber of links and the
memory size of cach component in the current scheduling comply with the prede-
fined restrictions, the current scheduling is output as the solution. Whenever the
number of processors used by the scheduling exceeds specifications but the other
constraints hold, the method goes on with the fourth step. Otherwise, the method
backtracks to previous implementations and sclect other decision paths.

Clearly, an interactive tool will be of great help in the sclection of alternatives.
Further decision measures such as processor workload ranges can be included to
drive the sclection  process.

. Reduction of processors with time increase.

Similar to the sccond step, this step exccutes three substeps:
a. Geometry Analysis,
b. Folding, and
c¢. Rescheduling.

The first two substeps are identical to the ones described in the second step of the
method. The third substep will solve, heuristically and for cach processor, all the
overlapped processes generated by the folding substep. The heuristic follows.

o Sorting step. For cach processor k, the list Pg(k) of labels obtained in the
folding substep is sorted according to:

smallest processidg time,

largest process depth,

largest number of process successors, »nd
largest out-degree.

Remaining overlapped processes are solved according to the policy: processes
previously scheduled on destination processors have a higher priority than proc-
csses previously scheduled on source processors.

o Start exccution time recalculation. During this substep, any process is in onl
one of the following states:
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Figure 5. Folding with generation of new interprocessor connections

not-scheduled,
being-scheduled, and
scheduled.

At any time. the set Unpreceeded contains the processes for which all predeces-
sors have been previously (fully) scheduled.

The sketch of the procedure follows:

Initially, all the processes with in-degree equals 0 arc included in
Unpreceeded and 12:32 p.m. is sct to 0.

While Unpreceeded is not empty perform
Incrcase 12:32 p.n. by 1.
Intersect Unpreceeded with all the label scts Pg(k).
For all processcs in the intersection, two cases arisc:

when a new process is scheduled, then its status changes from not-
scheduled to being-scheduled, scheduled-time variable is set to 1 and
its starting-time variable is sct to 12:32 pun.;
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when a process is in the being-scheduled status it remains in the same
status and its scheduled-time variable is increased by 1.

Change the status from being-scheduled to scheduled for those processes
whose scheduled-time variable equals the corresponding exccution time.

All scheduled processes arc removed from the Unpreceeded set and from
the corresponding sorted label scts. Removal from the Unpreceeded set

may cause other processes to be inserted in the same set.

Endwhile

e Update lubels. For cach label in cach label sct, update the start exccution time
Swith the recomputed value.

o Total scheduling tine. Tt is computed as the maximum over all processes of the
start excecution time plus the execution time.

An example ol this type of rescheduling is provided in Figure 6. Note that the
starting implementation corresponds to an alternative for the parallel LU decom-
position algorithm which ahas been obtained by folding about diagonal symmetry ,
axis.

3 Final Remarks

An associated tool, currently under development, will embed the Multifolding method
into a decision machine that will allow the user to walk along a decision tree of imple-
mentations in depth and in level step-down. Fach node of the decision tree, that con-
tains onc particular implementation, has as many branches to other nodes as symmetry
axes are present in the implementation.

The ool can compare several user-selected implementations or compara implementa-
tions at the fringe ol the decision tree. The comparison is performed according to
design constaints and other decision factors such that the average workload and the
efficiency of cach implementation. The average workload of an implementation is (he
average over the number of processes scheduled to run cach processor. The clficiency
of an implementation is the inverse of the total scheduling time times the number of
processors used. The tool is able to backtrack to any previous implementation.
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